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The heat propagation problem is formulated for the crystallization 
of an ingot obtained by melting metal in water-cooled cylindrical 
cr ystallizers. 

Modern  methods of r e f in ing  s teel  (e lec t ros lag ,  
e l e c t r o n - b e a m ,  v a c u u m - a r c )  in wa te r - coo led  c r y s -  
t a l l i z e r s  involve the ca lcu la t ion  of the t e m p e r a t u r e  
f ie lds  in the ingot and in the l iquid meta l  bath. We 
will examine  two methods of approx imate ly  ca lcu la t -  
ing the t e m p e r a t u r e  f ie lds  assoc ia ted  with ingot c r y s -  
t a l l i za t ion :  a n u m e r i c a l  method and an analyt ic  me t h -  
od. To find a n u m e r i c a l  so lut ion we a s s u m e  that it is 
poss ib le  to take convect ive  heat t r a n s f e r  into account  
by in t roduc ing  an effective value of the t he rma l  con-  
duct ivi ty in the l iquid meta l .  This  makes  it poss ib le  
to reduce  the p rob l em of heat and m a s s  t r a n s f e r  to 
a p rob l em of the Stefan type with e s s en t i a l l y  d i scon-  
t inuous coeff ic ients .  

1. F o r m u l a t i o n  of the p rob l em for  l a rge  c r y s -  
t a l l i z e r s .  In the reg ion  shown in Fig.  1 we seek the 
solut ion of the equat ion 

O < r < R ,  O < z  <~](t) (1) 

with the fol lowing boundary  and in i t ia l  condi t ions :  
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Fig.  1. Region of solut ion of the p rob -  
lem:  1) l iquid phase;  2) solid phase.  

c e r t a i n  t e m p e r a t u r e  in te rva l  U* - A -< U - U* + A 
with subsequent  appl icat ion of the local  o n e - d i m e n -  
s ional  method for n u m e r i c a l l y  solving the t w o - d i m e n -  
s ional  smoothed p rob lem.  

We took the following i t e r a t i on l e s s  d i f ference  
scheme with f i r s t  o rde r  of approximat ion:  
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where  W = cyU + pye(U - U*), 

e ( U - - U * )  = { lwhenU - -  U* > 0, 
0whenU - -  U* < 0, 

= ~ (U) = { ~.1 (U)whenU < U*, 

~,e when U>/U*. 

2. Numer i ca l  method.  To cons t ruc t  the di f ference 
schemes  of the n u m e r i c a l  so lut ion we chiefly employed 
the r e su l t s  of [1] and [2]. The idea cons i s t s  in f i r s t  
smoothing the d iscont inuous  funct ions of W and X on a 
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Fig.  2. Effect of the quanti ty h e on the shape of the i so the rma l  sur face  U* = U 
for  the case of e l ec t ro s l ag  mel t ing  of ShK-15 s teel  (t = 2400 sec,  me l t ing  r eg ime :  
dn /d t  = 0.02 c m / s e c  = const ,  effective t he r ma l  energy  int roduced 40 kW, flux 
ANF6. The ca lcula t ions  were  made for e~ 2 = 2oq = 1800 W/m 2 �9 deg, U* = 1450 ~ C, 
k s = 29.3 W/re.  deg, cy = 5 J / c m  ~. deg) a) curve  1 c o r r e sponds  to ca lcu la t ions  at 
h e = 2100 W / m - d e g ,  2 to 210 W/rn.  deg; b) 1 - - expe r imen ta l  curve ,  2 - - c a l c u l a -  

t ions at X e = 417 W/m.  deg. 

�9 (k+i) , (k+l) Here ,  ~(k)  cei,l - -  ~ i , o  . (/~+1) 
�9 i = a2.itUi.o - - T ~ ) ,  

S~ (r, z, t) = 2Bi  V Jo (~t~ ~) 
(BP + ~ )  J0 (~) n = l  ] = 0 ,  1 . . . . .  m e , i = 0 ,  1 . . . . .  n, (II) 

where  z ,  h, and l a re  the s teps with r e spec t  to t ime  
and the space coord ina tes  r and z, r e spec t ive ly .  We 
ensu re  that the scheme is i t e r a t i on l e s s  by de t e r mi n i ng  
the t he rma l  conduct ivi ty  only with r e spec t  to the t e m -  
p e r a t u r e s  on previous  in tegra l  t ime  l aye r s  and also 
by ca lcula t ing  the smoothed funct ion ~(U - U*) f rom 
the t e m p e r a t u r e s  of the p reced ing  l ayer .  The r e m a i n -  
ing notat ion co r responds  bas i ca l ly  with that employed 
in [1] and [3]. 

The ca lcula t ion  scheme of the local  one -d ime ns i ona l  
method cons i s t s  in a l t e rna te ly  solving sets  of one-  
d imens iona l  p rob lems  (I) and (II) and e n s u r e s  that the 
rounding e r r o r s  do not i n c r e a s e  dur ing  the calcula t ion.  

3. Analyt ic  solut ion.  In a s e r i e s  of cases  it is d e s i r -  
able to have approximate  analyt ic  r e l a t ions  which can 
be used to e s t ima te  the individual  c h a r a c t e r i s t i c s  of 
the t he rma l  f ield in the ingot as a funct ion of the s t a r t -  
ing p a r a m e t e r s  of the p roces s .  The solut ion p re sen t ed  
below was obtained with the following addit ional  a s -  
sumpt ions  for the p rob lem formula ted  in sec t ion  1: 
1) h, c, 3 / a re  cons tan t s ,  2) d~?/dt = v = const ,  3) the 
p r e s e n c e  of a bot tom plate can be s imula ted  by con-  
t inuing the ingot to a grea t  length,  4) there  a re  no 
la tent  heat  sou rces ,  5) the r ight  s ide of the second of 
boundary  condit ions (3) is r e p r e s e n t e d  in the form 

q - - d ~ c y U  + ql(r), 

where  qi h a s  a n o r m a l  rad ia l  d i s t r ibu t ion ,  i . e . ,  

R ~ [1--exp (--k)] 

q ~ COI1St, 

k is the concen t ra t ion  coefficient  of the heat  flux ql(r).  
With these  assumpt ions  the solut ion takes the fo rm 
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/~n are  the roots  of the c h a r a c t e r i s t i c  equat ion 

Bi ~tT~ J1 (~)  
J0 (~tn) 

Jm(/~n) is a Besse l  funct ion of the f i r s t  kind of o rder  
m with r ea l  a rgument .  

To make the above solut ion convenient  for p r ac t i ca l  
use,  the funct ions  S 1 and S 2 were  tabulated on a com-  
puter .  
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4. D i scuss ion  of the r e s u l t s .  The n u m e r i c a l  me th -  
od was p r o g r a m m e d  for a M-20 computer .  The p ro -  
g r a m  cons i s t s  of 250 in s t ruc t ions  and makes  it poss ib le  
to find the t e m p e r a t u r e  f ield in a network reg ion  of 
3000 points .  When the n u m b e r  of nodes is va r i ed  f rom 
200 to the m a x i m u m ,  the computa t ion  t ime  for a s ingle  
va r i an t  is 20 rain.  For  convenience  in p r o c e s s i n g  the 
r e su l t s  the p r o g r a m  was supplied with a specia l  sub-  
rout ine  which p r in ted  out d i rec t ly  the coord ina tes  of 
the i n t e r sec t i ons  of the given i so the rma l  l ines  and the 
l ines  of the network.  

The r e su l t s  of the n u m e r i c a l  e x p e r i m e n t s  showed 
that convect ive  mix ing  of the l iquid meta l  is dec is ive  
in shaping the heat flow in the m e t a l b a t h .  C h a r a c t e r -  
i s t ic  prof i les  (Fig. 2) of the c r y s t a l l i z a t i o n  su r faces  
can be obtained when the convect ive  heat t r a n s f e r  is 
taken into account .  Numer i ca l  values  of the effective 
t he rma l  conduct ivi ty  can be e s t ima ted  s t a r t i ng  f rom 
the veloci ty  f ield d i s t r i bu t ion  or by compar ing  tes t  
data with the r e s u l t s  of n u m e r i c a l  expe r imen t s .  If 
some component  of the ve loc i ty  vec tor  p r edomina t e s  
over  the r e s t  the t h e r m a l  conduct ivi ty  may be an i so-  
t ropic .  

Under n o r m a l  mel t ing  condi t ions  an i n c r e a s e  in 
c r y s t a l l i z e r  rad ius  involves  an i n c r e a s e  in Xe" Devia-  
t ion f r o m  n o r m a l  condit ions r e q u i r e s  an addi t ional  
i n c r e a s e  in ke ( intensif ied heat input) or a reduc t ion  
in )~e (cooler  reg ime) .  Depending on the s ize  of the 
c r y s t a l l i z e r  and the me l t i ng  r e g i m e  ~e v a r i e s  f rom 
10k s to 40ks, where  k s is the m e a n  value of the 
t he rma l  conduct ivi ty  in the solid state.  

The in t roduct ion  of an effective t h e r m a l  conduct ivi ty  
chiefly affects the shape of the meta l  bath, a lmos t  
without a l t e r ing  its depth. This makes  it poss ib le  to 
use the analyt ic  solut ion to p red ic t  the depth of the 
meta l  bath dur ing  the me l t i ng  p roces s .  

NOTATION 

W = W(r, z , t )  is the enthalpy;  U = U(r, z , t )  is the 
t e m p e r a t u r e ;  U* is the phase t r a n s i t i o n  t e m p e r a t u r e ;  
c, T a re  the specif ic  heat and specif ic  weight of the 
m a t e r i a l ;  ~ = ~(t) is the va r iab le  pos i t ion  of the mov-  
ing outer  boundary;  p is the la tent  heat; oQ, a 2 are  
the heat  t r a n s f e r  coeff ic ients  at the wal ls  and bot tom 
of the c r y s t a l l i z e r ;  ~ = ~(U) is the t h e r m a l  conductivi ty;  
T 1, T 2 a re  the t e m p e r a t u r e s  of the cooling water ;  T o 
is the t e m p e r a t u r e  of the meta l  r each ing  (uniformly 
with r e spec t  to r) the boundary  z = ~(t); A i s  the smooth-  
ing in te rva l ;  q = q(r) is the heat flux at the boundary,  
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